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1. INTRODUCTION 
Consider the differential equation 
L,x(t) + 4(t) ~(xCs(~)l) = 0 n is even, 
where 
(1) 
L,x( t) = x(t), L,x( t) = 
k = 1, 2, . . . . 
a,: [to, co)--+ (0, co), i= 1, 2, . . . . n-l; g,q: [to, co)+R=(--oo, co) and 
F: R + R are continuous, q(r) > 0 and not identically zero for all large 
t,g(r)+coast+co,andxF(x)>Oforx#O. 
We assume the following conditions: 
s 
cc a,(s) ds = 00, i= 1, 2, . . . . n- 1; (2) 
F’(x) 2 0 (3) 
-F(-xy)~F(xy)3KF(x)F(y) for xy>O, (4) 
where K is a positive constant. 
There exists a continuous function 
CT: [r,, co)+R 
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such that 
a(t)Gmin{t, g(t)) and a(t) -+ Jc as t-s. (5) 
The domain of L,, D(L,) is defined to be the set of all functions 
X: [T,, cc ) + R such that L&t), j = 0, 1, . . . . IZ exist and are continuous on 
[T,, x8). T,> t,. Our attention is restricted on those solutions .ueD(L,) 
of Eq. (1) which satisfy sup{ IX(~)/ :t 2 T} > 0 for every T> T,. We make 
the standing hypothesis that Eq. (1) does possess uch solutions. A solution 
of Eq. (1) is called oscillatory if it has arbitrarily large zeros; otherwise it 
is called nonoscillatory. Equation (1) is said to be oscillatory if all of its 
solutions are oscillatory. 
The oscillatory behavior of Eq. (1) and/or related equations has been 
discussed by numerous authors by various techniques and as recent 
contributions to this study we cite the papers of Grace and Lalli [l--7], 
Kartsatos [S], Kitamura [9], Kreith, Kusano, and Naito [lo], Kusano 
and Naito [ll], Lovelady [12], Philos [13, 141, and Staikos [ 151. 
In [9], Kitamura obtained many interesting theorems for the oscillation 
of Eq. (1 ), which are of high degree of generality and also included many 
well-known oscillation criteria as special cases. However, these criteria as 
well as those of the above mentioned authors fail to describe the oscillatory 
behavior of some class of differential equations including the fourth-order 
equations 
$4)(f) + l -7.:3*93[ p3 = 0, t>o. 
and 
x’“‘(t) + t - 
10.3xl;3[f3] = 0, t > 0. 
Therefore, our main purpose of this paper is to improve Theorems 3.2(i), 
3.3(i), and 5.2(i) in [9] and to extend and unify some of the results in 
[l-5, 7-10, 13-151. We also extend some of the results due to Lovelady 
[ 121 in such a way that they can be applied in cases of nonlinear differen- 
tial equations with deviating arguments of type (1). 
We begin by formulating preparatory results which are needed in 
proving the main results. 
For functions p,: [to. co) + R, i = 1, 2, . . . . we define 
I, = 1 
I,(& sip,, . . . . Pl)=~‘P,w,-A k&P,- 1, . . ..P.)h i= 1, 2, . . . . 
s 
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It is easy to verify that for i= 1, 2, ..,, n - 1 
Zi(C s; PI, ..., P,)=(-l)‘~*(s, t;P,,...,Pl) 
and 
Z,(t, s; Pl, ..., P,)=JfP,(4Z,&4Pl ,...5 P,-l)dU. s 
The following two lemmas are needed in proofs of our results. 
LEMMA 1. zf.x~D(L,), thenfor t, SE [to, co) and O<i<k<n 
k-l 
Ldt) = C I,-,(t, s; a,, 1, . . . . a,) Q(s) 
,=r 
+~f~k-,-l(l,~;a,+l,...,ak~l~ak(u)Lkx(u)du. (i) 
s 
k-l 
L,X(t)= C (-lY’Z,-,(s, t;a ,,..., a,+,)L,x(s) 
,=r 
+(-1)k~‘I’Zk-i-1(a,t;ak~l,...,a,+,)ak(a)Lk.K(U)d~. (ii) 
This lemma is a generalization of Taylor’s formula with the remainder 
encountered in calculus. The proof is immediate. 
LEMMA 2. Suppose condition (2) holds. Zf x E D(L,) is of constant sign 
and not identically zero for all large t, then there exist a t, > t, and an 
integer 1, 0 < I < n with n + 1 even for x(t) L,x(t) nonnegative or n + I oddfor 
x(t) L,x(t) nonpositive and such that for every t 2 t, 
I> 0 implies x(t) Lkx( t) > 0 (k = 0, 1, . . . . I) 
Z<n- 1 implies (-l)‘pk~(t) L,x(t)>O (k = 1, I+ 1, . . . . n). 
This lemma generalizes a well-known lemma of Kiguradze and can be 
proved similarly. 
It will be convenient to make use of the following notation in the 
remainder of this paper. For any T >, t, and all t > s 2 T we let 
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i=l 3 . I, . . . . n- 1; 
2, CL sl = I,(& s; a,, .*.. a,), i= 1, 2. . . . . n - 1; 
~,[r,s]=z~-,-~(t,s;a,~ ,‘..., agtl). i= 1. 2, . . . . II- 1; 
and 
;‘, [a(t), T] = ,I’” a,- k(f), $1 a,-,(s) rr Cs. Tl ds. i = 2, 3, . . . . II - 1. 
;‘I Co(r), Tl = rl [o(t), Tl. 
2. MAIN RESULTS 
The following theorem is concerned with the oscillatory behavior of 
strongly superlinear differential equations of type (1). 
Note that the differential equation (1) is strongly superlinear if the func- 
tion F is such that 
= du s- s -I du F(u) < co and -< cc. F(u) (6) 
THEOREM 1. Let conditions (2t(6) hold. rf,for eaery 1~ { 1, 3, . . . . n- 1 ) 
and all large T with a(t) > T3 t, 
F(y,[a(u), T])dudt=xl. 17) 
then Eq. (1) is oscillatory. 
ProoJ: Let x(t) be a nonoscillatory solution of Eq. ( 1). Without loss of 
generality, we assume that x(t) # 0 for all t > lo. Furthermore, we suppose 
that x(t) > 0 and x[a(t)] > 0 for t > t,, since the substitution y = -.Y trans- 
forms Eq. (1) into an equation of the same form subject to the assumptions 
of the theorem. 
By Lemma 2, there exist a t, 3 t, and an integer 1 E ( 1. 3, . . . . n - 1 } such 
that 
L,x(t) > 0 on [tl, x), i=O, 1, . . . . 1 
(-l)‘+‘LIX(t)>O 
(8) 
on [tI, z)), i=l, 1+ 1, . . . . n. 
Next, we consider the following two cases according to the values of I: 
562 S. R. GRACE 
Case 1. IE (3, 5, . . . . y1- 1 }. From Lemma l(ii) we obtain 
n-l 
L/x(t)= 1 (--l)‘-‘I,-,(5 t;a,, ...,a,+I)L,x(s) 
J=/ 
+(-l)“~‘J‘~Z~-i-l(~,t;a,_,,...,a,+,)L,x(u)du. 
I 
Using (8) and the fact that n - 1 is odd and letting s + co, we get 
On the other hand, from Lemma l(i), we have 
I-2 
+ j' II-At, u; a,, . . . . a,-21 a,- l(u) L ,x(u) du 
fl 
There exists a t2 2 t, so that a(t) 2 t, for t 2 t2 and 
x[g(t)] 2 i‘“” a,-,Cg(t), ~1 a/- l(u) LI- Ix(u) da (10) 
II 
Using the fact that L,x(t) is nonincreasing for t 2 t, we have 
L1-$t)2r,Ct, t11 &x(t) for tat1 
and the function 
(11) 
L,- ,x(t) 
r,Ct, t11 
is nonincreasing for t 2 t l. 
Thus, inequality (10) takes the form 
Ll- ,x(t) 4’) 
xCg(t)la 
r,Ct, t11 I 
a,-,Cg(t), ~1 cl(u) r,Cu, tll du 
fl 
L,- ,x(t) 
= r,Ct tl] r,C4t), t11, tat,. 
9 
(12) 
(13) 
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Combining (9) and (13) and using condition (4) we obtain 
Integrating the last inequality from t2 to T* we get 
Letting T* + cc in the above inequality and using condition (6) we have 
which contradicts (7). 
Case 2. I= 1. From Lemma l(ii), we obtain 
1 n-1 
L,.u(t)=- 
a,(f) 
x’(t)= 1 (-l)‘-‘I,~ ,(s, &a,, . . . . uz) L,x(s) 
,=I 
+(-l)“p’~‘Z~~~,(u. t;a,- ,,..., a2)L,x(u)du. 
I 
Using (8) and letting s + co, we have 
-u’(f) 3 al(t) j b,Cu, tl q(u) F(x[g(u)]) du, t3 t,. (14) , 
Since x(t) is nondecreasing for t 2 t,, there exists a t, 2 t, such that 
-u’(t) 2 a,(t) lx BI[u, t] q(u) F r, Cdu), f21 xCdu)l du , r,Cdu), t21 > ’ 
t3t,. 
(15) 
By condition (4) and the fact that x(t)/r, [t, tz] is a nonincreasing function 
on [t?, co) we get 
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x*(t) 
F(x(t)) 
Integrating both sides from t, to T* we have 
F(Y 1 Cdu), 4 1 du dt + co as T*+oo, 
a contradiction. This completes the proof. 
Remark. Theorem 3.2(i) in [9] improves the analogous criteria for the 
oscillation of strongly superlinear equations of type (1) in [4, 7, 10, 131. 
However, Theorem 1 of this paper can be applied to some cases in which 
Theorem 3.2(i) in [9] is not applicable. Such a case is described in 
Example 1 below. 
Example 1. Consider the differential equation 
(;(;(;x*(t))‘]]+t-14-3xs13 [,,h]=O, t>O. (16) 
Here 
a,(t)=& i=l,2,3, q(t)=t-14’3,g(t)=o(t)=fi, and F(x)=x513. 
Since n = 4, the integer I is either 1 or 3. Thus, we consider the following 
two cases: 
If I= 1 and T>O, then 
j” al(t) j m Zz(u, C a37 Q) q(u) F f’(rl Co(u), Tl) du dt 
T’ 
= 
I s t 
m(U2--2)2U-14,3 
8 (-1 
1 5’3dudt*co 
T+u 
as T*-+C0. 
I 
When 1= 3 and T> 0. then 
j” 4t) jfm q(u) F(b) Ft’(ysIIo(u), Tl) dud 
=~T’t~~ffiu~14’3(~T)5’3(~[u-T]3)5’3dudt-+cc as T*+co. 
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All conditions of Theorem 1 are satisfied and hence Eq. (16) is oscillatory. 
According to Theorem 3.2(i) in [9], Eq. (16) is oscillatory if for every 
IE (1, 31, 
i 
x 
ff,Csl(r) q(t) df = 4~. (17) 
where 
Now, it is easy to compute the following: 
ff,Cgl(t> T) = j;‘albI B,Ct, ~1 ds 
=$[3rs-3r4(1+T’)+t’+3t2T4-T’] 
and 
ff,Cgl(t, T) = I:” c(z[g(f), s] a3(s) ds = f (t - T)3. 
Thus, 
H,[g](t)-~,t~andH,[g](t)-c,t~forsomepositiveconstants 
c, and c? and all large t. Next, for I = 1, 
~~*Hl[g](t)q(r)dr=r,Ir’r’:2d~-~ as T*-+ zc 
and for I= 3, 
j’*H,[g](l)q(f)dt=c,j~*t~‘/‘dr<~ as T* --f iy~, 
which means that condition (17) fails. 
E.uample 2. Consider the differential equation 
,y’4’(t) + t-7.3XW[f2:5] = 0, t > 0. (18) 
It is easy to check that all conditions of Theorem I are satisfied and 
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hence Eq. (18) is oscillatory. We note that the corresponding criteria in 
[2, 8, 151 fail to apply to Eq. (18). 
The following criterion deals with the oscillatory behavior of all solu- 
tions of linear or almost linear differential equations of 
THEOREM 2. Let conditions (2) and (5) hold and let 
Suppose that 
F(x) ->c>o for xzo. 
X 
type (1). 
ayt)>Ofor t>t(). 
(19) 
If for every 1 E { 1, 3, . . . . n - l} and all large T with a(t) 2 TB t, 
then Eq. (1) is oscillatory. 
Proof: Let x(t) be a nonoscillatory solution of Eq. (1). Assume x(t) > 0 
and x[a(t)] > 0 for t 2 t,. By Lemma 2, there exist a t, > t, and an integer 
ZE (1, 3, . . . . n- 1} such that (8) holds. As in the proof of Theorem 1 
(Case l), i.e., 1~{3, 5 ,..., n - 1 }, we obtain, (9) and (10). Now, using (11) 
and (12) and condition (19) we get 
LxC4t)lZ c j;(,, D,C 
[ 
~3 a(t)1 q(u) XL-g(u)1 du 
+Jrn PIG ~2 a(t)I q(u) xCg(u)l du 1 t (21) 
and 
xCdt)l~ 
L,- IxC4t)l 
rI Co(t), tl 1 
r,Cdt), t11 for t > t, B t,. (22) 
Combining (21) and (22) and using (12) we have 
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Thus, 
1 r,Cu(t), t,l Led~)l> ’ - 
s L,&,.xCo(tfl ’ U(f) 
PICU, 4r)l q(u) VlC4U). [II A4 c 
Using (11 ), we obtain 
which contradicts (20). 
Next, we consider the case when I= 1. As in the proof of Theorem 1. 
Case 2, we get 
Using condition (19), we have 
Using (12) and the fact that x(t) is a nondecreasing function for t > t, we 
obtain 
Thus 
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By (11) we have 
which contradicts (20). The proof of the theorem is now complete. 
The following examples are illustrative: 
Example 3. Consider the differential equation 
(f(f(fxw)‘)‘) + W’x(t) exp(sin x(t)) = 0, t > 0, (23) 
where 6 is a positive constant. Here 
a,(t)=t, i=l,2,3, q(t)=6te7,g(t)=a(t)=t, and F(x)=xexp(sinx). 
It is easy to check that the integer I is either 1 or 3. 
Now, for I= 1, T>O 
as t-co, 
and for 1=3, T>O 
Y~CU, TlYJC Tl Sirn q(u) r,Cu, T1 du=$ as t+co. 
Thus, all conditions of Theorem 2 are satisfied if S > 96e and hence 
Eq. (23) is oscillatory. 
One can easily check that Theorem 5.1(i) in [9] is not applicable to 
Eq. (23). Moreover, the analogous results in [4, 5, 131 fail to apply to 
Eq. (23). Thus, we conclude that Theorem 2 improves the corresponding 
ones in [4, 5,9, 131. 
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E.uamnple 4. Consider the differential equation 
.~‘~‘(t) + dt-“s(t) ln(e + -u”(t)) = 0, 
where fi is a positive constant. 
t > 0. (241 
It is easy to check that all hypotheses of Theorem 2 are satisfied 
provided that 6 > 6 and hence Eq. (24) is oscillatory. We note that the 
corresponding criteria in [l-3, S] are not applicable to Eq. (24). Therefore 
Theorem 2 unifies those in [l-3, 81. 
The following criterion is concerned with the oscillation of all solutions 
of strongly sublinear differential equations of the form of ( 1). 
We note that Eq. (1) is strongly sublinear if the function F satisfies 
condition (25) below. 
THEOREM 3. Let conditions (2)-( 5) hold md 
du J- - du +oFd x and . OF(u)- (25) 
[f’jor ever)> large T > to and a( t ) 3 T 
I x q(u) F(y,,+ ,[a(u), T] ) du = x 
and for everJ7 1~ { 1, 3, . . . . n - 3) 
i 
. 1. 
ul+ l(r)F(rlCt3 Tl)j* P,+ICu, fl q(u)F , 
then Eq. ( 1 ) is oscillatory. 
Prooj: Let .x(t) be a nonoscillatory solution of Eq. ( 1 ). Assume .u( t) > 0 
and x [ a( t )] > 0 fo t > t,. By Lemma 2, there exist a t , > t,, and an integer 
/E (1. 3. . . . . n - 1 } such that (8) holds. Now we consider the following two 
cases: 
Case 1. 1~ (1, 3, . . . . n-3}. From Lemma l(ii). we have 
,,- 1 
L,*,.y(t)= c (-l)‘~‘~‘z,~I~,(s,t;~ ,..... U,+,)L,S(S) 
/=/i-I 
+(-1)“~‘-’ szR.,&, t;u,, 
i , 1 I.., 
a,,,) L&u) du 
f 
for satat,. 
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Using (8) and letting s + co, we get 
As in the proof of Theorem 1 (Case l), we obtain 
a!(t)1 3 
L ,x(t) 
r,Ct tll r,Cdth t,l for t > t2 B t,. (13) 
3 
Combining (28) and (13) and using condition (4), we have 
-L,+,x(t)~KF(L,-,x(t))jrn BI+Icu, tl du)F I 
(“rl,;z);,;ll) du. (29) 
Since 
we get 
L,- ,x(t) 2 r,Ct, t,l L,x(t) for tat,, (11) 
- (L,x(t))’ > K2a 
F(L,x(t)) ’ 
r+l(t)F(r,Ct, 11) jm B,+ICu, tl 4(uV’(y’~;~‘;,;1’)d~. 1 I , 
Integrating both sides of the above inequality from t, to T*, we obtain 
K2 jr:* aI+ 1 (t)F(r,Ct,t,l) j-,,+,,.,tlq(u)F(y:I~~);,~l)dudf f I 7 
s 
L/-~(Q) &l
s 
4-dtz) &T 
< -< - 
L,x(T’) F(w) F(w) < O” 
as T*+co, 
0 
which contradicts (27) 
Case 2. I = n - 1. From inequality ( 13) and Eq. ( 1 ), we have 
-Lx(t) 2 q(t) F 
Yn-lCdth t11 
r,-,[t, tl] Ln-2x(t) > 
for t2 t,. (30) 
Using (11) and condition (4) we get 
-Lflx(t) 
F(L-,x(t)) 
2 Kg(t) F(y+I[a(t), t,]). 
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Integrating both sides of the above inequality from t, to T* we obtain 
which contradicts (26). This completes the proof. 
For illustration we consider the following examples: 
Example 5. Consider the differential equation 
(;(+t))?‘) + t-“‘3.y’.3[t3] =o, t > 0. (31) 
We let 
a,(t)=t, i=l,2,3, q(t)=tK? g(t)=P. 
a(t) = t, and F(X) = .Y’ ‘. 
Now, according to the values of the integer I, we consider the following: 
If I= 1 and T> 0, then 
jr* a,(t) F(r,[t, T]) j’= /j2[u, t] q(u) du dt 
7 , 
=I:‘t(t2;T2),-; (“2;t2)u -‘3.3&& 
=I 
?-’ 9 
T G(t3-tT’)(tP4’3)dt-+x as T*-ua. 
When I = 3 and T> 0, then it is easy to check that 
Y3Cf, Tl = o(t”‘) (t+ r,), 
s:’ q(u) F(y3[u, T]) du >, 1:’ t,c13’3(&i10)‘,3 du, 
for some 6 > 0. Thus 
jrr’q(u)F(y3[u,T])du~6’i3/:*~~~ as T*-+co. 
All conditions of Theorem 3 are satisfied and hence Eq. (3 1) is oscillatory. 
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Next, we see that Theorem 3.3(i) in [9] is not applicable to Eq. (31) 
since the integral 
5 x q(t) F(ff,Cgl(t)) dt, 
where H, [g] (t, T) is defined as in (*) (see Example I), converges if I = 1 
and diverges when I= 3; that is, condition (2.16; I) of Theorem 3.3(i) in 
[9] fails. It is also easy to check that the analogous results in [4, 7, 131 are 
not applicable to Eq. (31). Therefore, Theorem 3 unifies the above 
mentioned criteria in [4, 5,9, 131. 
Example 6. Consider the differential equation 
s’yt)+ t-w/3X1J3[t3] =o t > 0. (32) 
The hypotheses of Theorem 3 are satisfied and hence Eq. (32) is 
oscillatory. It is easy to check that the analogous results in 
[ 1, 2,779, 13-151 are not applicable to Eq. (32). Thus, we conclude that 
Theorem 3 improves the corresponding criteria in the above mentioned 
papers. 
In the following theorem we present an oscillation criterion for Eq. (l), 
via a comparison with the oscillatory behavior of a set of second-order 
ordinary differential equations. The obtained result extends Theorem 7 of 
Lovelady [ 121 and the main result in Kusano and Naito [ 111 in such a 
way that it can be applied in cases of nonlinear differential equations with 
deviating arguments. 
THEOREM 4. Let conditions (2)-(5) hold. rf for every large T> to and 
a(t) > T either 
(i) every solution of the equation 
is oscillatory; or 
(ii) for every 1~ { 1, 3, .,., n - 3}, every solution of the equation 
+(Ka,+,(t)jl~B,+ICU,tlq(U)F(P’~~~~T’)du)F(w(t))=O (34) 
is oscillatory, then Eq. (1) is oscillatory. 
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Prooj. Let .u( t) be a nonoscillatory solution of Eq. ( 1 ), say .v( t) > 0 and 
.Y[c(~)] > 0 for t 3 t,. As in the proof of Theorem 3, we consider the case 
when 1~ ( 1, 3, . . . . II - 3 1 and obtain (29), also, the case when I = n - 1 and 
obtain (30). 
Now, let 1~ { 1, 3, . . . . n-3). From (29) we obtain 
1 
a/+ l(f) ( 
-k~,.u(tH* ‘+@(t)F& 
al(f) ! 
,.x-(f))<0 for t3 t,, 
where 
Set t~(r)=L , ,-u(r). Then IV(~) is a positive solution of the inequality 
By Lemma 2 in [6], Eq. (34) has a positive solution, a contradiction. 
Next, let I = n - 1. From (30) we have 
i 
1 
----(L2.4t)) 
a,, ,(t) ! 
‘+ Y(t)F(L,,~,.u(t))<o for t3 t,, 
where 
!P(t)=kq(t) F 
y,-,Cdt), [II 
f-,r-1EL 211 > 
Let L ,, mz.u(t) = y(t). Then )7(t) is a positive solution of the inequality 
Once again, by Lemma 2 in [6], Eq. (33) has a positive solution, a 
contradiction. This completes the proof. 
REMARKS 
1. The results of this paper are presented in a form which is essen- 
tially new and of high degree of generality. We also do not stipulate that 
the function g in Eq. (1) be either retarded, advanced. or mixed type. 
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Hence our theorems may hold for ordinary, retarded, advanced, and mixed 
type equations. 
2. The results of the present paper are applicable to many types of 
differential equations, e.g., strongly superlinear equations, linear and 
almost linear equations, and strongly sublinear equations. 
3. In the case when conditions (3) and (4) fail (e.g., F(X) = 
(x + 1x1’ sgn x) exp(sin x), where a > 0) we may assume that there exists a 
continuous function f: R + R such that 
IF( 2 If( for x #O 
and conditions (3 ) and (4) hold with f replacing F. Accordingly, our results 
can be applied to more larger classes of differential equations. 
4. The results of this paper are extendable to more general equations 
of the form 
Lx(t) + q(t) F(xCg,(t)l, xCgAf)l, . . . . xCg,(~)l) = 0, 
where the operator L, is as in Eq. (1 ), g,, q: [to, co) + R, i = 1, 2, . . . . m, 
and F: R” + R are continuous, q(f) 3 0 and not identically zero for all 
large t, lim,,, g,(r)= cx3, i= 1,2, . ..) m, and Y~F(Y,,Y~, . . ..y.)>O for 
y, # 0. The function (T is defined to be 
o(t) d min{ t, g,(t), . . .. g,(t)) and lim g(t) = co. I - ‘30 
Based on the above remarks and examples, our results of this paper 
extend and improve some of the well-known oscillation criteria in 
[l-3, 8, 12, 151. Also, it unifies the corresponding results in [4, 5, 7, 9, 11, 
13, 141. 
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